Hydraulic systems are widely used in manufacturing processes and transportation systems where energy intensive operations are performed and "machine" control is vital. A variety of ßow control products exist including manual directional control valves, proportional directional control valves, and servo-valves. The selection of a control valve actuation strategy is dependent on the system response requirements, permissible pressure drop, and hardware cost. Although high bandwidth servo-valves offer fast response times, the higher expense, susceptibility to debris, and pressure drop may be prohibitive. Thus, the question exists whether the economical proportional directional control valve's performance can be sufficiently enhanced using nonlinear control strategies to begin approaching that of servo-valves. In this paper, exponential tracking control of a proportional directional control valve, with spool position feedback, and hydraulic cylinder is achieved for precise positioning of a mechanical load. An analytical and empirical mathematical model is developed and experimentally validated which describes the transient behavior of the integrated components. A nonlinear backstepping control algorithm is designed to accommodate inherent system nonlinearities. Representative experimental results are presented and discussed to provide insight into the proposed control system performance.
Introduction
A wide range of industries that utilize hydraulic systems, such as off-road construction and agricultural equipment manufacturers, as well as the machine tool industry, are continually demanding decreased package sizes, Þner system control, faster response, and multi-tasking systems without added expense. For example, forestry machines are required to navigate difficult terrain, cultivate timber, and prepare the soil for replanting under conÞned operating conditions [11] . Farm implements such as combines, harvesters, and planters require nonlinear speed and position control of the power-take-off shaft as a result of time varying loads. Automated manufacturing systems use multi-axis rotating machining centers frequently located on shop ßoors where space is at a premium. Finally, aircraft control systems require responsive compact hydraulic systems to reliably position the landing gear, ßaps, and rudders. Electrically actuated ßuid valves afford engineers the opportunity to regulate hydraulic systems under computer control for enhanced operation and diagnostics. Two of the more common hydraulic actuation valves available are the servo-solenoid and the traditional two-stage ßapper/nozzle servo-valve.
The servo-solenoid valve integrates a proportional solenoid assembly in direct contact with the main valve spool. The generated solenoid force is typically proportional to the armature current which is dependent on the supplied voltage. Once the proportional solenoid armature has moved through its approach zone, the force generated for a given current will be approximately constant. The desired spool position is obtained by balancing the proportional solenoid force against a calibrated opposing spring force. Spool position feedback is achieved with a linear variable displacement transducer (LVDT) in direct contact with the main spool. Valves of this category are sometimes referred to as "stroke" controlled solenoids [15] . While servo-solenoid valves are smaller in size (i.e., one stage), the 
Solenoid and Spool Dynamics
The resistor-inductor (RL) circuit that electrically models the solenoid is given by the following expression
where V S (t) ∈ R denotes the supply voltage, V L (t) ∈ R denotes the voltage drop across the solenoid, R ∈ R denotes the armature resistance, and i(t) ∈ R denotes the measurable solenoid current. Motivated by the desire to relate the electrical dynamics given in (1) to the mechanical dynamics of the solenoid valve, the following relationship can be developed [16] 
where F g (t) ∈ R denotes the force generated by the solenoid, and λ(t) ∈ R denotes the solenoid ßux linkage that can be related to V L (t) of (1) by using Faraday's Law as follows
where Φ(t) ∈ R denotes the magnetic ßux and N ∈ R denotes the number of turns on the solenoid coil. The expressions given in (1-3) relate the electrical dynamics to the force generated by the solenoid. Since the force generated by the solenoid acts on the main spool valve to control ßuid ßow within the attached hydraulic actuator, the force generated by the solenoid is also coupled to the electrical dynamics. SpeciÞcally, by applying Newton's law to the system shown in Figure 3 , the spool valve dynamics can be related to F g (t) as follows [16] ..
where z(t), ú z(t),z(t) ∈ R denote the spool position, velocity, and acceleration, respectively, the constant, known coefficients k s , b s ∈ R denote the spool return spring stiffness and the spool damping constant, respectively, m s ∈ R denotes the spool mass, and F flow (t) ∈ R denotes the ßow force through a constriction [18] . To facilitate the subsequent control development, the spool valve dynamics are rewritten in the following simpliÞed form
where u (t) = F g (t) denotes the subsequently designed control force applied by the solenoid to the spool, N s (z, ú z) ∈ R is the spring/damping term which may be expressed as follows
and the constriction ßuid ßow force has been neglected for simplicity.
Remark 1 Due to the physical construction of the cylinder, the spool position is restricted to a certain region; hence, it is clear that z(t) ∈ L ∞ .
Remark 2 As stated in [10] , the steady-state and transient contributions to the ßuid ßow force through a constriction may be deÞned as
where ρ ∈ R is the ßuid density, w ∈ R is area gradient of the oriÞce, C d ∈ R is the discharge coefficient, φ ∈ R is the ßow angle, l ∈ R is the axial distance between the incoming and outgoing ßow, and ∆P ∈ R is the pressure difference across the constriction.
Cylinder Dynamics
The governing equation for the hydraulic cylinder displacement must consider both the hydraulic and mechanical forces such that
where x(t), ú x(t),ẍ(t) ∈ R represent the position, velocity, and acceleration of the cylinder piston, respectively, P P (t), P R (t) ∈ R are the respective piston and rod side cylinder pressures (acting on respective cylinder areas denoted by A P , A R ∈ R), and F L (t) ∈ R denotes an externally applied load on the cylinder. The known, constant coefficients b L , k L ∈ R given in (8) represent damping and compliance elements within the system. To facilitate the subsequent control development, the cylinder dynamics are rewritten in the following simpliÞed form
where N (x, ú x) ∈ R is the spring/damping forces given by the following expression
F (P P , P R ) ∈ R denotes the force applied by the hydraulic ßow control valve and is deÞned as follows
and the externally applied load is neglected 1 . The piston and rod side cylinder pressures given in (8) and (11) are governed by the following differential expressions [10] .
.
where C ip ,C ep ∈ R denote known, constant, internal and external leakage coefficients, respectively, and β e ∈ R is the known effective bulk modulus. L ∈ R is the length of the cylinder. The ßuid ßow entering and exiting the cylinder given in (12) and (13), denoted by Q P (z, P P ), Q R (z, P R ) ∈ R, are derived from the application of ßow continuity between the cylinder and the directional valve as follows [10] 
where P S , P T ∈ R represent the respective supply and tank pressures.
Remark 3
The hydraulic cylinder is assumed to be constructed such that some volume always remains in the rod and piston sides of the cylinder due to the presence of a small amount of residual ßuid that prevents the complete retraction or extension of the piston. Based on this assumption, it is clear that the following inequalities hold
and hence, potential singularities in the ßuid dynamics given in (12) and (13) due to zero chamber volume are avoided.
The discontinuous nature of the nonlinear ßuid ßow dynamics given in (12) (13) (14) (15) have inhibited the ability of previous control designs to address the full order model given by (9) (10) (11) (12) (13) (14) (15) . For example, the discontinuous structure of (12) (13) (14) (15) restricts the use of design tools such as integrator backstepping. To address this issue, researchers typically approximate the ßuid dynamics by a Þrst order system, potentially limiting the performance of the control structure. Motivated by the desire to address the full order dynamics as a means for improved performance, we develop a differentiable approximation for the dynamics given in (12-15) as follows
where the ßuid ßow variables f sP (P P , z), f sR (P R , z) ∈ R approximate the variables Q P (z, P P ) and Q R (z, P R ) of (14) and (15) as follows 20) and N P ( ú x, P P , P R ), N R ( ú x, P P , P R ) ∈ R are deÞned as
The coefficients β 0 (P P ) , (19) and (20) are deÞned as follows
where the supply and tank pressures are assumed to satisfy the following inequalities
and γ ∈ R denotes a constant, known modeling coefficient.
Controller Design
The control objective in this paper is to force the piston position of a hydraulic cylinder to track a time varying reference trajectory. To quantify the control objective, the piston tracking error e(t) ∈ R is deÞned as
where x d (t) ∈ R and its Þrst Þve time derivatives are assumed to be bounded. To facilitate the controller design and stability analysis, a Þltered tracking error, denoted by r (t) ∈ R, is deÞned as
As indicated in the model development given in Section 2, the solenoid control force u(t) is indirectly related to the cylinder piston position through the spool dynamics; hence, as a means to relate u(t) to the cylinder piston position, the subsequent control design is based on the integrator backstepping approach. SpeciÞcally, from (9) it is evident that the position of the cylinder piston is directly related to the control valve force F (t). Since the control valve force cannot be directly actuated, the subsequent control design will Þrst target the development of a desired control valve force, denoted by F d (t) ∈ R, and then target eliminating the mismatch between the actual and desired control value forces. To quantify the mismatch between the actual and desired control value forces, a force tracking error signal η f (t) ∈ R is deÞned as
By backstepping on the force tracking error signal, the time derivative of the desired control valve force can be related to a function of the spool position. Motivated by the desire to mitigate the force tracking error given in (30), a desired spool position function, denoted by f d (t) ∈ R, can then be designed, where the mismatch between the actual and desired spool position functions is quantiÞed through a spool tracking error-like signal η z (t) ∈ R deÞned as
where z(t) and β e are given in (4), (12) , and (13), and g (x, z, P P , P R ) ∈ R is deÞned as follows
where f sP (·) , f sR (·) are deÞned in (19) and (20), respectively. After backstepping on η z (t), the time derivative of the desired spool function can be related to the spool velocity. Motivated by the desire to mitigate the tracking error given in (31), a desired spool velocity, denoted by ú z d (t) ∈ R, can then be designed, where the mismatch between the actual and desired spool velocities is quantiÞed through a spool velocity tracking error η 1 (t) ∈ R deÞned as follows
After backstepping on the spool velocity tracking error, the time derivative of the desired spool velocity can be related to the solenoid control force through (5); hence, u(t) can then be designed to mitigate the backstepping error signals and to achieve the control objective. In the following sections, the error system development for r(t), η f (t), η z (t), and η 1 (t) is provided along with the control designs for
, and u(t).
Control Development
To develop the open-loop error system for r(t), we take the time derivative of (29) and multiply the resulting expression by m L as follows
where (9), (28), and (30) were utilized. Based on the open-loop error system given in (34) and the subsequent stability analysis, the desired control valve force is designed as follows
After substituting (35) into (34) for F d (t) and cancelling common terms, the following closed-loop error system for r(t) can be obtained
After taking the time derivative of (30) and utilizing (31), the following open-loop error system for η f (t) can be obtained
where we utilized the fact that the time derivative of the control valve force can be expressed as follows
where z(t) and g(·) are deÞned in (5) and (32), respectively. Based on the structure of (37) and the subsequent stability analysis, f d (t) is designed as follows
where ú F d (t) can be determined by taking the time derivative of (35) and utilizing (9), (10), (28), and (29) as follows
After
After taking the time derivative of (31), the following open-loop error system for η z (t) can be obtained
where
where the notation ∇ x y (·) denotes the partial derivative of y (·) with respect to x. The partial derivatives ∇ x g (x, z, P P , P R ), ∇ z g (x, z, P P , P R ), ∇ P P g (x, z, P P ), ∇ P R g (x, z, P R ) ∈ R given in (43) can be determined as follows
x (e γz + 1)
After utilizing (33), the open-loop error system given in (42) can be rewritten as follows
where ζ (x, z, P P , P R ), ξ ³ z, x, P P , P R , ú x, ú P P , ú P R´∈ R are deÞned as follows
Based upon the structure of (48) and the subsequent stability analysis, the desired spool velocity is designed as follows
where ú f d (t) is given by the following expression
can be determined as follows
After substituting (51) into (48) for ú z d (t), and cancelling common terms, the following closed-loop error system for η z (t) can be obtained
After taking the time derivative of (33) and making use of (5), the open loop dynamics for η 1 (t) can be determined as follows
Based upon the open-loop tracking error system given by (55) and the subsequent stability analysis, the control input u (t) is designed as follows
wherez d (t) denotes the time derivative of the desired spool velocity given in (51) (see the appendix for an explicit expression). After substituting (56) into (55) for u(t) and cancelling common terms, the closed-loop error system for η 1 (t) can be determined as follows
Stability Analysis
Theorem 1 The backstepping controller given in (35), (39), (51), and (56) ensures exponential cylinder piston position tracking in the sense that
provided that the following sufficient condition is satisÞed
where λ 0 , λ ∈ R are some positive constants and γ is given in (19) and (20) .
Proof : To prove (58), we deÞne a nonnegative function V (t) ∈ R as follows
where V (t) can be lower and upper bounded as in the following inequalities
where λ 1 , λ 2 ∈ R are positive bounding constants and Ψ(t) ∈ R 4 is deÞned as follows
After taking the time derivative of (60), substituting for the closed-loop error systems given in (36), (41), (48), and (57), and cancelling common terms, the following expression can be obtained
where (62) was utilized. After utilizing (61), the expression given in (63) can be rewritten as follows
Standard arguments can now be invoked to solve the differential inequality given in (64) as follows
Based on (61) and (65), the following inequality can now be developed
where Ψ(t) was deÞned in (62). Based on (62), (66), and the previous development, we can now prove that all of the control signals are bounded. SpeciÞcally, from (62) and (66) it is clear that r(t), η f (t) , η z (t) , η 1 (t) ∈ L ∞ . Given that r(t), η f (t) , η z (t) ∈ L ∞ , we can use (36) and (41) to prove that ú r (t) , ú η f (t) ∈ L ∞ . Standard techniques can now be used along with (29), (28), and the fact r (t) , ú r (t) ∈ L ∞ to prove that e (t) , ú e (t) ,ë (t) ∈ L ∞ . Based on the fact that e (t) , ú e (t) ,ë (t) ∈ L ∞ and the assumption that (28) can be used to prove that x(t), ú x(t),ẍ(t) ∈ L ∞ . From (10) and the fact that x(t), ú x(t),ẍ(t) ∈ L ∞ , we can now prove that (9) and (35) can now be used to prove that
From the assumption given in (27) where P S , P T are known positive constants, we can conclude a priori that P P (·), P R (·) ∈ L ∞ . Based on the fact that P P (·), P R (·) ∈ L ∞ , we can use (23-26) to prove that β 0 (P P ) ,
From the previous boundedness statements and the assumption that z(t) ∈ L ∞ , we can use (19) and (20) (21) and (22) can be used to prove that
hence, from (39) we can now prove that f d (t) ∈ L ∞ . After taking the time derivative of (30) and utilizing the facts that ú η f (t), ú (17) and (18) can be utilized to prove that ú
Given that the facts that z(t), β 1 (P P ), β 3 (P R ), P P (·), P R (·) ∈ L ∞ and the assumption given in (27), we can prove that
After taking the time derivative of (23-26) and utilizing the facts that ú
By taking the time derivative of (21) and (22) and utilizing the facts thatẍ(t), ú
To facilitate further analysis, we utilize (19-26), (32), and (45) and performing some algebraic manipulation to obtain the following expression
Based on (27), it is clear from (67) that
where ε 1 ∈ R is some positive constant. Based on the previous boundedness arguments, we can now utilize (48), (51), (52), (53), and (68) to prove that ú
After taking the time derivative of the expressions given in (19) and (20) as follows
and utilizing the previous boundedness arguments, we can prove that ú f sP (·), ú f sR (·) ∈ L ∞ . After taking the time derivative of (17) and (18) to obtain the following expressions
the facts that ú
Given the previous boundedness arguments and the development given in the appendix, we can now prove that F (56) and (55), we can conclude that ú η 1 (t), u(t) ∈ L ∞ . Based on the fact that the closed-loop system is bounded provided the sufficient condition given in (59) is satisÞed, the result given in (58) can now be obtained from (66).
Experimental Results
Hydraulic systems, especially those used in manufacturing processes and mobile applications, often come in contact with nonlinear loads which must be accommodated to maintain smooth operation. The performance of a three-position, four-way proportional direction control valve with attached exponential tracking controller shall be investigated against a classical proportional-derivative (PD) controller for cylinder positioning. The behavioral models presented in Section 2 permit off-line numerical evaluations prior to testing in the Hydraulics Laboratory at Clemson University to experimentally validate the controllers. The two controllers shall track a sinusoidal position for the cylinder piston subject to nonlinear load conditions within three percent of the speciÞed position
The system parameters are listed in Table 1 . The controller was tuned using the numerical simulation until satisfactory tracking performance was achieved. The control gains are listed in Table 2 . Representative experimental results are presented in Figures 4 through 6 . In Figure 4 , the commanded voltages generally range from 4 < V S < 8 (V ) for the PD controller and 4 < V S < 6.1 (V ) for the nonlinear controller which reßects a tighter voltage band. The nonlinear controller requested a larger initial hydraulic cylinder rod side pressure of P R = 890 (psi) versus the proportional-derivative controller pressure of P R = 735 (psi). However, each controller then displayed equivalent pressure proÞles during the transient motion as shown in Figure 5 . Finally, the cylinder tip position and tracking error are displayed in Figure 6 for each controller design. The PD controller has an error range of approximately 0.008 < e < 0.019 (m) which corresponds to 12.6% < e < 16.0%. In contrast, the nonlinear controller tracks the cylinder position within -0.006 < e < −0.001 (m) which reßects an error percentage of 2.0% < e < 3.4%. Overall the nonlinear controller demonstrated a 70% improvement in comparison with the proportional-derivative controller; however, further tuning of the controller gains may yield better results. 
Summary
The selection of a hydraulic ßow control valve and accompanying actuation strategy is dependent on the system response requirements, permissible pressure drop, and hardware cost. Although high bandwidth servo-valves offer fast response times, the higher expense, susceptibility to debris, and pressure drop may be prohibitive. The performance of an economical proportional directional control valve, with spool position feedback, has been investigated in this paper using a nonlinear control strategy for the precise hydraulic cylinder positioning of a mechanical load. Analytical and empirical mathematical models were developed and experimentally validated to describe the transient behavior of the integrated components. An exponential tracking control algorithm with integrator backstepping was designed to accommodate inherent system nonlinearities. Representative experimental results demonstrated that the nonlinear controller was able to track a sinusoidal cylinder piston within three percent. In comparison with a classical proportional-derivative controller, the performance was excellent. However, further research into servo-valves is warranted to fully explore the limitations of proportional directional control valves. 
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